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$\hat{\psi}(\lambda, x)$ \^u $($ \lambda , $x)$ Schr\"odinger
$\exists\hat{L}:=L(\hat{u}, \lambda)$ : $\hat{L}\hat{\psi}(\lambda, x)=0$
$u(\lambda, x)$ Darboux (2),(3)
$F(\lambda,x)$ $A(\lambda, x)$ ( $x$ $\frac{d}{dx}$ ’ )
\^u $($ \lambda , $x)=u(\lambda, x)+[2F(\lambda,x)A(\lambda, x)-A(\lambda,x)’]’/A(\lambda,x)$ (4)
$F(\lambda, x)$ $A(\lambda, x)$
$F(\lambda,x)’+F(\lambda_{1}x)^{2}+u(\lambda,x)=\mu(\lambda)A(\lambda,x)^{-2}$ (5)
$G(\lambda, x)$
$\exists\nu\in \mathbb{C}$ ; $\exists\varphi,$ $L(u, \nu)\varphi=0$ : $G\varphi\equiv 0$




Schr\"odinger (1 $\mathrm{K}\mathrm{d}\mathrm{V}$ (
$U(x)$ $\mathrm{K}\mathrm{d}\mathrm{V}$ ) Schr\"odinger
Darboux $\mathrm{K}\mathrm{d}\mathrm{V}$ Lax







$L_{j}(u, \lambda)\psi_{j}(\lambda,x)=0$ , $L_{j}(u_{j}, \lambda):=\partial_{x}^{2}+u_{j}(\lambda,x)$ (7)






(Darboux) chain Lax Darboux
$M_{j}\psi_{j}(\lambda,x)=0$ , $L_{j}^{d}\psi_{j}(\lambda,x)=0$ (10)
$M_{j}:=\partial_{x}-A_{j}^{-1}S-F_{j}$ , $S:\psi_{j}(\lambda,x)arrow\psi_{j+1}(\lambda, x)$
$L_{j}^{d}:=A_{j}^{-1}SA_{j}^{-1}S+A_{j}^{-1}SF_{j}+F_{j}A_{j}^{-1}S-(\log Aj)’A_{j}^{-1}S+\mu jA_{j}^{-2}$
Darboux $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{i}\mathrm{n}$ (9) Lax (10)
$A_{j}(MjL_{j}^{d}-L_{j}^{d}M_{j})+2A_{j}’L_{j}^{d}=0$
Darboux chain 1+1
3 $\mathrm{I}$ Darb\mbox{\boldmath $\alpha$} chain
(energy-dependent) Schr\"odinger
[2]
$u_{j}(\lambda, x)=-\lambda^{2}+\lambda vj(x)+wj(x)$ (11)
Darboux $F_{j}(\lambda, x)$ $\lambda$
$F_{j}(\lambda,x)=f_{j}(x)+\lambda h_{j}(x)$ (12)
Darboux chain 3
3.1 $h_{j}\equiv 0$ : \Gamma A-
$F_{j}$ (12) $h_{j}(x)$ 0
$u_{j}(\lambda,x)\equiv-\lambda^{2}+w_{j}(x)$
Darboux $F_{j}$ $A_{j}$
$F_{j}=f_{j}(x)$ , $A_{j}\equiv 1$
(5) $\mu_{j}$ $\mu_{j}\equiv\lambda^{2}-\nu_{j}^{2},$ $(\nu j\in \mathbb{C})$ $\lambda^{2}arrow\lambda,$ $\nu jarrow\ovalbox{\tt\small REJECT}$
Schr\"odinger (1 Schr\"odinger
$(\partial_{x}^{2}+w_{j}(x)-\lambda)\psi_{j}=0$ (13)
$\mathrm{D}\ovalbox{\tt\small REJECT} \mathrm{b}\mathrm{o}\ovalbox{\tt\small REJECT}$ chain (9)
$j’+f_{j+1}’=f_{j}^{2}-f_{j+1}^{2}+\alpha_{j}$ , $\alpha_{j}=\nu_{j+1}-\nu_{j}$ (14)
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(14) doessing chain [3] (6)
dressing chain $\ovalbox{\tt\small REJECT}$ $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{r}\ovalbox{\tt\small REJECT} \mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ (13)
$(\partial_{x}^{2}+w_{j}-\nu_{j})\varphi_{j}=0$ , $f_{j}=(\log\varphi_{j})_{x}$
(10) dressing chain Lax [5]
$[\partial_{x}-S-f_{j}]\psi_{j}=0$ (15)
$[S^{2}+fjS+Sfj+\nu j-\lambda]\psi j=0$ (16)
dressing chain - Weyl
$A$- [6]
3.2 $h_{j}\equiv 1$ : PIII-
$F_{j}$ (12) $h_{j}=1$ Darboux
$F_{j}=\lambda+f_{j}$ ,




$d_{j}:=f_{j}+ \frac{1}{2}v_{j}$ , $r_{j}:=f_{j}- \frac{1}{2}v_{j}+2\nu_{j}$
chain (\beta j=\mbox{\boldmath $\nu$}j-,j+l)
$d_{j}’$ $=$ $d_{j}(dj-rj-dj+1+rj+1+2\beta j)$ (17)
$r_{j}’$ $=$ $d_{j-1}r_{j-1}-d_{j}r_{j}$ (18)




$A_{j}^{-2}\equiv h_{j}^{2}-1$ , $F_{j}=f_{j}+\lambda h_{j}$
$(\partial_{x}^{2}-\nu_{j}^{2}+\nu_{j}v_{j}+w_{j})\varphi_{j}=0$, $f_{j}\equiv-\nu_{j}h_{j}+(\log\varphi_{j})_{x}$ $(\nu_{j}\in \mathbb{C})$




(11) $u(\lambda, x)$ [7] $(N\in \mathbb{Z}, \epsilon\in \mathbb{C})$
$u_{j+N}(\lambda,x)\equiv u_{j}(\lambda+\epsilon,x)$ (19)
Schr\"odinger (1)
$\varphi_{j+N}(\nu_{j+N})\equiv\varphi_{j}(\nu_{j})$ , $\nu_{j+N}\equiv\nu_{j}-\epsilon$ (20)
Darboux chain 3
4.1 A-







dressing chain (fj+3=fi) dressing chain
$f_{1}+f_{2}+f_{3}=- \frac{1}{2}\epsilon x$ (22)
(21 2 (21







$y=g_{1}$ , $a= \frac{\alpha_{2}-\alpha_{3}}{\epsilon}$ , $b=-2( \frac{\alpha_{1}}{\epsilon})^{2}$
$\ovalbox{\tt\small REJECT}_{V}$ Schr\"odinger $(7,8)$ $(j=1,2,3)$
( x+wj)\mbox{\boldmath $\varphi$}j $=\nu_{j}\varphi_{j}$ , $w_{j+1}=w_{j}+2(\log\varphi_{j})_{2x}$













dressing chain Lax (15),(16)
$(\Psi(\lambda)=(\psi_{1}(\lambda,x),$ $\psi_{2}(\lambda, x),$ $\psi_{3}$ ( $\lambda$ , x) $)$ t)
$\Psi_{x}(\lambda)=B_{1}\Psi(\lambda)+B_{2}\Psi(\lambda+\epsilon)$
$(A_{1}-\lambda \mathrm{I}_{3\mathrm{x}3})\Psi(\lambda)+A_{2}\Psi(\lambda+\epsilon)=0$
$B_{1}=(\begin{array}{lll}f_{1} 1 00 f_{2} 10 0 f_{3}\end{array})$ , $B_{2}=(\begin{array}{lll}0 0 00 0 01 0 0\end{array})$
$A_{1}=(\begin{array}{lll}\nu_{1} g_{1} 10 \nu_{2} g_{2}0 0 \nu_{3}\end{array})$ , $A2=(\begin{array}{lll}0 0 01 0 0g_{3} 1 0\end{array})$
Lax $\Psi(\lambda)$ ( )
$\tilde{\Phi}(k)\equiv\int_{-\infty}^{+\infty}\mathrm{d}\lambda e^{1k\lambda}.\Psi(\lambda)$




$\mathcal{M}:=B_{1}+\xi B_{2}$ , $\mathcal{L}:=A_{1}+\xi A_{2}$ ,
$\xi:=e^{-o\dot{e}k}$ , $\Phi(\xi):=\tilde{\Phi}(k)|_{k=_{\overline{e}}1\text{ }\mathrm{g}\xi}.\cdot$
[10] Mellin
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$A= \frac{\alpha_{1}^{2}}{2\epsilon^{2}}$ , $B=- \frac{\alpha_{3}^{2}}{2\epsilon^{2}}$ , $C= \frac{\alpha_{2}-\alpha_{4}}{4}$ , $D=- \frac{\epsilon^{2}}{32}$
$P_{IV}$








$\mathcal{M}=(\begin{array}{llll}f_{1} 1 0 00 f_{2} 1 00 0 f_{3} 10 0 0 f_{4}\end{array})+\xi(\begin{array}{llll}0 0 0 00 0 0 00 0 0 01 0 0 0\end{array})$
$\mathcal{L}=(\begin{array}{llll}\nu_{1} f_{1}+f_{2} 1 00 \nu_{2} f_{2}+f_{3} 10 0 \nu_{3} f_{3}+f_{4}0 0 0 \nu_{4}\end{array})+\xi(\begin{array}{llll}0 0 0 00 0 0 01 0 0 0f_{1}+f_{4} 1 0 0\end{array})$
$N\geq 5$ dressing chain [11] - $A_{N-1^{-}}^{(1)}$
Weyl $[6, 12]$ 5.4
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4.2 $P_{III^{-}}\mathrm{E}^{\mathrm{J}}\emptyset \mathrm{f}\mathrm{l}\#.l\backslash$
32 $P_{III}$- Darboux chain (17),(18) $N=2$







$d_{1}d_{2}=\kappa_{1}e^{2(\beta_{1}+h)ae}$ , $r_{1}+r_{2}=2\kappa_{2}$ $(\kappa_{1}, \kappa_{2}\in \mathbb{C})$
$z=\exp\epsilon x$ , $y(z)= \frac{1}{\kappa_{11}}(d_{1}e^{-\epsilon x})|_{x=\frac{1}{e}\log z}$ (\epsilon \equiv \beta 1+\rho )
$\ovalbox{\tt\small REJECT}_{I}$,
$P_{III}$ : $\frac{d^{2}y}{dz^{2}}=\frac{1}{y}(\frac{dy}{dz})^{2}-\frac{1}{z}\frac{dy}{dz}+\frac{Ay^{2}+B}{z}+Cy^{3}+\frac{D}{y}$
$A=2 \frac{\kappa_{11}(\beta_{1}-\kappa_{2})}{\epsilon^{2}}$ , $B=-2 \frac{\kappa_{12}(\hslash-\kappa_{2})}{\epsilon^{2}}$ , $C=( \frac{\kappa_{11}}{\epsilon})^{2}$ , $D=-( \frac{\kappa_{12}}{\epsilon})$ .
Darboux \Delta $P_{I’ I}$
$d_{1}= \sqrt{\kappa_{1}}\frac{\tau_{2}\tau_{1}^{+}}{\tau_{1}\tau_{2}^{+}}e^{\epsilon x}$ , $d_{2}= \sqrt{\kappa_{1}}\frac{\tau_{1}\tau_{2}^{+}}{\tau_{2}\tau_{1}^{+}}e^{\epsilon x}$












$\exists\psi_{j}$ : $\psi_{j+2}(\lambda, x)=\psi_{j}(\lambda+\epsilon,x)$





$2\cross 2$ Lax ( $\Phi\equiv(\Phi_{1}, \Phi_{2})^{t}$
$16;z:=(A_{1}A_{2})^{-1}$ ; Aj-2\equiv 4)
$2(z-\xi)\Phi_{x}=(\begin{array}{ll}z(d_{1}+r_{1})-\xi d_{1} A_{2}^{-1}(d_{1}-r_{2})-\xi A_{1}^{-1}\xi A_{1}^{-1}(d_{2}-r_{1})-\xi^{2}A_{2}^{-1} z(d_{2}+r_{2})-\xi d_{2}\end{array})\cdot\Phi$
$2(\xi-z)\epsilon\xi\Phi_{\xi}=(\begin{array}{ll}2\nu_{1}(z-\xi)+r_{1}\xi \xi A_{1}^{-1}-A_{2}^{-1}(d_{1}+r_{2})\xi^{2}A_{2}^{-1}-\xi A_{1}^{-1}(d_{2}+r_{1}) 2\nu_{2}(z-\xi)+r_{2}\xi\end{array})\cdot\Phi$
5KP
[13] A-
dressing chain KP KP
$\tau$- Darboux chain $\mathrm{K}\mathrm{P}\tau$- $[_{\mathrm{S}}\mathrm{i}\mathrm{m}\mathrm{i}1\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$
$\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\rfloor$ KP
$N$ dressing chain (14) Darboux $\tau$-chain $\text{ }$
$P_{IV}$ KP $GL(\infty)$
Weyl $[4, 12]$
5.1 $\tau$- Darboux binary Darboux
KP $\tau$ $g1(\infty)$
$[14, 15]_{\text{ }}$ KP \mbox{\boldmath $\tau$}-
$g1(\infty)$ Fock vacuum $|vac\rangle$ orbit
$\tau(\mathrm{x})=\langle vac|e^{H(\mathrm{x})}g|vac\rangle$ , $g\in\{e^{X}|X\in g1(\infty)\}=GL(\infty)$
29
Hamiltonian $H(\mathrm{x})$ $\mathrm{p}\mathfrak{l}(\circ 0)$ fermion $\psi_{\ovalbox{\tt\small REJECT}},$ $\psi$;
$(\ovalbox{\tt\small REJECT}, \ovalbox{\tt\small REJECT} \mathrm{E}\mathrm{Z}+\mathrm{g})$
$[\mathrm{t}\mathrm{q}\mathrm{i}" V]_{+}\ovalbox{\tt\small REJECT} 0$ , $[\mathrm{e}_{\mathrm{i}},\ovalbox{\tt\small REJECT} \mathrm{e};]_{+}\ovalbox{\tt\small REJECT}(5_{\mathrm{i}+\ovalbox{\tt\small REJECT},0}$
$\sim$






$\mathrm{K}\mathrm{P}\tau$- Darboux $\tauarrow\tilde{\tau}$ [16]
$GL(\infty)\ni$ $garrow S^{-1}\phi g$ $(rightarrow GL(\infty))$
$\mathrm{I}$ $\mathrm{I}$
$\tauarrow$ $\tau\cross\Phi\equiv\tilde{\tau}$




$S^{-1}\psi_{j}=\psi_{j+1}S^{-1},$ $S^{-1}\psi_{j}^{*}=\psi_{j-1}^{*}S^{-1}$ ; $\langle\ell|S^{-1}=\langle\ell+1|, S^{-1}|\ell\rangle=|\ell-1)$




KP eigenfunction $\tau$ $\Phi$ $\mathrm{K}\mathrm{P}$ vertex
operator $X(\lambda)[14]$ $X(\lambda)\cdot\tau$ mljoint Darboux
g\rightarrow S\phi *g\in GL( ) $\Rightarrow$ $\tauarrow\tau\cross\Phi^{*}$
$\phi^{*}=\oint_{\mathrm{C}_{\mu}}\frac{\mathrm{d}\mu}{2\pi i}h^{*}(\mu)\psi^{*}(\mu)$
(28)






fermion (26),(28) (adjoint) eigenfunction
(27),(29) [16]





$d \Omega=\Phi\Phi^{*}dx_{1}+\sum_{n=2}^{\infty}A_{n}(\Phi, \Phi^{*})dx_{n}$ , $(A_{n})_{x_{m}}\equiv(A_{m})_{x_{n}}$
$\Omega_{x_{1}}\equiv\Phi\Phi^{*}$ $\Omega(\Phi, \Phi^{*})$ $\Phi$ \Phi *
eigenfunction potential $\tau$ $\Omega$ $\mathrm{K}\mathrm{P}$ solitonic vertex operator $X(\lambda,\mu)$
[14] $(1+X(\lambda, \mu))\cdot\tau$
5.2 Darboux $\tau$ chains
($GL(\infty)$ $g$ ) $\tau$ $\tau$ $k$ Darboux
$\tau_{k}(rightarrow S^{-k}\phi_{k}\phi_{k-1}\cdots\phi_{1}g\in GL(\infty))$ $\tau$ $\tau_{k}$ $k$-modffied KP
[15]
$\oint$ $\frac{\mathrm{d}\lambda}{2\pi i}\lambda^{k}\tau_{k}(\mathrm{x}-\epsilon[\lambda])\tau(\mathrm{x}’+\epsilon[\lambda])e^{\xi_{\lambda}(\mathrm{x}-\mathrm{x}’)}=0$ (30)
c\lambda ( )
$\tau_{0}\equiv\tau,$ $\tau_{1},\tau_{2},$ $\cdots,$ $\tau_{k},$
$\cdots$ Darboux $(\tau)$ chain $(\tau_{\ell+1},\tau\ell)$ 1-modffiml
KP Darboux $\tau$ chain
1-modffied KP [15]
$(D_{x_{2}}-D_{x_{1}}^{2})\tau_{\ell+1}\cdot\tau_{\ell}=0$ , $\ell=0,1,2,$ $\ldots$ (31)
(31
Lax
$( \psi_{j})_{x_{1}}=\psi_{j+1}+(\log\frac{\tau_{j}}{\tau_{j-1}})_{x}\psi_{j}$ , $(\psi_{j})_{x_{2}}=(\psi_{j})_{2x_{1}}+2(\log\tau_{j-1})_{2x_{1}}\psi_{j}$
KP Darboux
(30) $\mathfrak{g}1(\infty)arrow A_{k-1}^{(1)}$ $[17, 15]$
$\tau_{k}\equiv\tau_{0}$ $\tau$ chain
$\tau_{\ell}(\ell=0,1, \ldots, k-1)$ $g\mathrm{t}(\infty)arrow A_{k-1}^{(1)}$
31
5.3 similarity reduction
KP ( ) scale-invariant , self-simdar
$\tau$ :




self-similar $\tau$- conformal weight $c_{j}$
$\sum_{\ell=1}^{\infty}\ell x\ell(\tau_{j})_{x_{\ell}}=c_{j}\tau_{j}$ $c_{j}\in \mathbb{C}$
$(\ell=0,1,2, \ldots,n-1)$
$(D_{x}^{2}- \frac{\epsilon x}{n}D_{x})\tau_{\ell+1}\cdot\tau_{\ell}=\kappa_{\ell}\tau_{\ell}\tau_{\ell+1}$ (32)
$\kappa_{\ell}:=\frac{\epsilon}{n}(c_{\ell}-c_{\ell+1})$
$x_{1}=x,$ $x_{2}=- \frac{n}{2\epsilon},$ $x_{\ell\geq 3}=0$
$\varphi_{\ell}:=\frac{\mathcal{T}\ell}{\tau_{\ell-1}}e^{-\frac{ex^{2}}{4n}}$ , $\nu_{\ell}:=\kappa_{\ell-1}-\frac{\epsilon}{n}(\ell-1)$
$w_{\ell}:=2(\log\tau_{\ell-1}e^{-\frac{e^{2}x}{96n}\pi^{-(\ell-\frac{3}{2})\frac{eae^{2}}{4n})_{2x}}}4$
(32) $A$- dressing chain (14)
$(f_{j}=(\log\varphi_{j})_{x}, j=1, \ldots n)$
$(\varphi_{j})_{2x}+w_{j}\varphi_{j}=\nu_{j}\varphi_{j}$ , $w_{j+1}=w_{j}+2(\log\varphi_{j})_{2x}$




$(D_{x}^{2}- \frac{\epsilon x}{3}D_{x})\tau_{2}\cdot\tau_{1}=\kappa_{1}\tau_{1}\tau_{2}$ ,
$(D_{x}^{2}- \frac{\epsilon x}{3}D_{x})\tau_{0}\cdot\tau_{2}=\kappa_{2}\tau_{2\ovalbox{\tt\small REJECT}}$
$+\kappa_{1}+\kappa_{2}=0$ (33)
$g:=( \log\frac{\tau_{+1}}{\tau_{1-1}}..\cdot e^{-\frac{eae^{2}}{6}})_{x}$, $\alpha:=\nu_{1+1}.-\nu_{1}$. $\equiv\kappa:-\kappa:-1-\frac{\epsilon}{3}$
$P_{IV}$ (24) [9]





$\ovalbox{\tt\small REJECT}_{V}$ $GL(\infty)$ $P_{IV}$ Darboux $\tau$ chain
(33)
$P_{IV}$ (33) $\kappa\ell$
$\mathrm{K}\mathrm{P}$ eigenfunction $\Phi_{\ell}(\ell=0,1,2 ; \tau_{3}\equiv\tau_{0}, \kappa_{3}\equiv\kappa_{0})$
$\Phi_{\ell}:=\frac{\tau_{\ell+1}}{\mathcal{T}\ell}$ , $( \Phi_{\ell})_{2x}-\frac{\epsilon}{3}(\Phi_{\ell})_{x}+2(\log\tau_{\ell})_{2x}\Phi_{\ell}=\kappa_{\ell}\Phi_{\ell}$ (34)
Darboux $\tau_{\ell}arrow\tau_{\ell+1}\equiv\tau_{\ell}\cross\Phi_{\ell}$
$P_{IV}$ chain $(\tau_{0}arrow\tau_{1}, \tau_{1}arrow\tau_{2}, \tau_{2}arrow\tau_{0}),$ $(\kappa_{0}arrow\kappa_{1}, \kappa_{1}arrow\kappa_{2}, \kappa_{2}arrow\kappa_{0})$
( ) $\mathrm{S}$
$\underline{\mathrm{S}}$
$\mathrm{S}(\tau_{1}.)=\tau_{1+1}.$ , $\mathrm{S}(\kappa:)=\kappa:+1$ ; $\mathrm{S}^{3}\equiv 1$
$\mathrm{S}$ $GL(\infty)$ $\mathrm{K}\mathrm{P}$ Darboux $P_{IV}$
(23)
$\mathrm{S}(g:)=g:+1$ , $\mathrm{S}(\alpha:)=\alpha:+1$





(34) eigenfunction $\Phi_{\ell-1}$ $\Phi_{\ell}$ Darboux





Darboux eigenfunction $\hat{\Phi}_{\ell-1}$ $\hat{\Phi}\ell$ eigen-
function $\Phi_{\ell-1}$ $\Phi_{\ell}$
$\hat{\Phi}_{\ell}=\frac{\Phi_{\ell}}{\dot{\Omega}(\Phi_{\ell},\Phi_{\ell}^{*})}$ , $\hat{\Phi}_{\ell-1}\equiv(\hat{\Phi}_{\ell}^{*})^{-1}=\Phi_{\ell-1}\mathrm{x}\Omega(\Phi_{\ell}, \Phi_{\ell}^{*})$




eigenffinction $\hat{\Phi}_{\ell-1}$ $\hat{\Phi}\ell$ $\hat{\kappa}_{\ell-1}=\kappa_{\ell}-\frac{\epsilon}{N}$ $\hat{\kappa}\ell=\kappa_{\ell-1}+\frac{\epsilon}{N}$
(34) $\hat{\Phi}\ell$
eigenfunction potential $\Omega(\Phi_{\ell}, \Phi_{\ell}^{*})$
$\alpha_{\ell}\Omega(\Phi_{\ell}$ , \Phi \ell * $)$ \equiv (\Phi x\Phi \ell *-\Phi \ell (\Phi \ell *)x----\epsilon 3x\Phi \ell \Phi \ell *
$\alpha_{\ell}$
$\alpha_{\ell}:=\frac{\epsilon}{3}(2c_{\ell}-c_{\ell+1}-c_{\ell-1}-1)$
binary Darboux $\tauarrow\hat{\tau}(35)$ $\alpha\ellarrow\hat{\alpha}\ell$
(36) $|$) $A_{2}^{(1)}$ Weyl root system
$\hat{\alpha}_{\ell}=-\alpha_{\ell}$ , $\hat{\alpha}_{\ell\pm 1}=\alpha_{\ell\pm 1}+\alpha_{\ell}$





, $\mathrm{B}_{\ell}(c_{k\neq\ell})=c_{k}$ $(c_{3}\equiv c_{0})$
34










$\mathrm{B}_{1}^{2}$. $\equiv 1$ , $(\mathrm{B}:+1\mathrm{B}:)^{3}=1$ , $\mathrm{S}\mathrm{B}:+1=\mathrm{B}:\mathrm{S}$, $\mathrm{S}^{3}=1$
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Darboux chain Painlev\’e chain
Painlev\’e Lax
$\text{ }$ Darboux chain dressing chain KP
chain KP
KP Painlev\’e
dressing chain $P_{IV}$ $GL(\infty)$ Painlev\’e
Weyl $A_{n-1}^{(1)}$ A-
Painleve’ Weyl
$[1, 18]_{\text{ }}$ $P_{IV}$ (33)
1 $(x)=\tau_{0}(-ix)$ , $\tilde{\tau}_{0}(x)=\tau_{1}(-ix)$ , $\tilde{\tau}_{2}(x)=\tau_{2}(-ix)$
\kappa \tilde 0=-\kappa , $\tilde{\kappa}_{1}(x)=-\kappa_{2}$ , $\tilde{\kappa}_{2}=-\kappa_{1}$
$P_{IV}$ (23) $[1]_{\text{ }}(\ell=1,2,3$,
$g_{\ell+3}\equiv g_{\ell},$ $\alpha_{\ell+3}\equiv\alpha_{\ell})$
$\mathrm{T}\ell(g_{\ell\pm 1}(x))=ig_{\ell\mp 1}(-ix)$ , $\mathrm{T}\ell(g\ell(x))=ig\ell(-ix)$
$\mathrm{T}_{\ell}(\alpha_{\ell\pm 1})=\alpha_{\ell\mp 1}$ , $\mathrm{T}_{\ell}(\alpha_{\ell})=\alpha_{\ell}$
$(\mathrm{T}\ell)^{4}=1$ , $\mathrm{S}\mathrm{T}_{\ell+1}=\mathrm{T}_{\ell}\mathrm{S}=\mathrm{S}^{2}\mathrm{T}\ell$ , $\mathrm{T}\ell \mathrm{B}\ell=\mathrm{B}_{\ell}\mathrm{T}\ell$
KP
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